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Abstract

This paper presents a data-driven receding horizon fault estimation method for additive actuator and sensor faults in unknown
linear time-invariant systems, with enhanced robustness to stochastic identification errors. State-of-the-art methods construct
fault estimators with identified state-space models or Markov parameters, without compensating for identification errors.
Motivated by this limitation, we first propose a receding horizon fault estimator parameterized by predictor Markov parameters.
This estimator provides (asymptotically) unbiased fault estimates as long as the subsystem from faults to outputs has no
unstable transmission zeros. When the identified Markov parameters are used to construct the above fault estimator, stochastic
identification errors appear as model uncertainty multiplied with unknown fault signals and online system inputs/outputs
(I/0). Based on this fault estimation error analysis, we formulate a mixed-norm problem for the offline robust design that
regards online I/O data as unknown. An alternative online mixed-norm problem is also proposed that can further reduce
estimation errors at the cost of increased computational burden. Based on a geometrical interpretation of the two proposed
mixed-norm problems, systematic methods to tune the user-defined parameters therein are given to achieve desired performance

trade-offs. Simulation examples illustrate the benefits of our proposed methods compared to recent literature.
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1 Introduction

Model-based fault diagnosis techniques for linear dy-
namic systems have been well established during the past
two decades (Chen and Patton, 1999; Ding, 2013). Re-
cently, the model-based receding horizon approach has
received attention because it provides a flexible frame-
work to enhance robustness of passive fault diagnosis
(Zhang and Jaimoukha, 2014) and to enable optimal
input design in active fault diagnosis (Raimondo et al.,
2013). However, an explicit and accurate system model
is often unknown in practice. In such situations, a con-
ventional approach first identifies the system model from
system I/O data, and then designs the model-based fault
diagnosis system (Simani et al., 2003; Patwardhan and
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Shah, 2005; Manuja et al., 2009). Without explicitly
identifying a system model, recent research efforts in-
vestigate data-driven approaches to construct a fault di-
agnosis system utilizing the link between system iden-
tification and the model-based fault diagnosis methods
(Russel et al., 2000; Ding, 2014). Such data-driven ap-
proaches simplify the design procedure by skipping the
realization of an explicit system model, while at the same
time allow developing systematic methods to address the
same fault diagnosis performance criteria as the existing
model-based approaches.

Most recent data-driven fault diagnosis approaches for
unknown linear dynamic systems can be classified into
two categories. The first category, e.g., Qin and Li (2001)
and Ding (2014), identifies a projection matrix known
as parity space/vectors for residual generation, by ex-
ploiting the subspace identification method based on
principal component analysis (SIM-PCA). However, as
pointed out in Dong et al. (2012a), a model reduction
step is needed to determine the projection matrix, hence
leads to the nonlinear dependence of the generated resid-
uals on the identification errors. Therefore it is difficult
to guarantee the robustness of such data-driven methods
to the identification errors.
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The second category of data-driven fault diagnosis
methods, e.g., Dong et al. (2012a,b), utilizes the Markov
parameters (or impulse response parameters). It first
constructs residual generators parameterized by the
predictor Markov parameters (MPs). Then the residual
signal linearly depends on the identification errors of the
predictor MPs. Hence a robust scheme can be developed
to cope with stochastic identification errors.

Compared to fault detection and isolation, it is much
more involved to estimate the fault signal in the data-
driven setting. The work in Alcala and Qin (2009)
proposed to reconstruct faults by minimizing the recon-
structed squared prediction error obtained from PCA.
However, this approach did not fully investigate the sta-
tistical estimation performance. The method in Dong
and Verhaegen (2012) constructed system-inversion
based fault estimators with the predictor MPs. Its fault
estimates are asymptotically unbiased as the estimation
horizon length tends to infinity, if the underlying in-
verted system is stable. However, it cannot be directly
applied to sensor faults in an unstable open-loop plant
because its underlying inverted system is unstable.
Moreover, it does not compensate for the identification
errors. The robustness of fault estimation to the iden-
tification errors is critical in two situations: 1) there
exist large identification errors due to small number of
identification data samples or low signal-to-noise ratio
in identification data; 2) multiplication of the erroneous
identified model with online I/O data of large amplitude
cannot be simply ignored.

Motivated by the above two drawbacks of the proposed
method in Dong and Verhaegen (2012), this paper de-
velops data-driven robust fault estimation methods for
additive actuator/sensor faults, utilizing the identified
MPs. In order to pave the way for data-driven design, we
first construct a receding horizon (RH) fault estimator
parameterized by the predictor MPs, assuming that the
predictor MPs are accurately available. It gives (asymp-
totically) unbiased fault estimates under the condition
that the fault subsystem has no unstable transmission
zeros. The above condition for unbiasedness generalizes
the requirement of stable inversion in Dong and Ver-
haegen (2012). An immediate benefit is that our ap-
proach can be applied to sensor faults in unstable open-
loop plants as long as the above condition for unbiased-
ness is satisfied, whereas the proposed method in Dong
and Verhaegen (2012) cannot.

Our data-driven design parameterizes the above RH
fault estimator with predictor MPs identified from data.
The obtained data-driven fault estimation error is linear
with regards to the stochastic identification errors of
MPs, although the identification errors appear as mul-
tiplicative uncertainty that couples with unknown fault
signals as well as online I/O data. In order to enhance
robustness to stochastic identification errors, we propose
two mixed-norm fault estimators. The first one can be

designed offline by regarding the online I/O data as un-
known. By exploiting online I/O data in its formulated
mixed-norm problem, the second robust fault estimator
further reduces estimation errors when the online I/O
data have large amplitudes, at the cost of increased
online computational burden. Based on a geometric in-
terpretation of the formulated mixed-norm problems, a
systematic tuning method for the user-defined parame-
ters therein is provided to achieve the desired trade-offs
between estimation bias and variance. Our proposed
methods can handle sensor and actuator faults either
separately or simultaneously. Only the separate scenario
is illustrated in detail in this paper. Exact formulas for
the simultaneous scenario can be derived in a straight-
forward manner but are omitted for the sake of brevity.

The rest of this paper starts with the problem formula-
tion and some preliminaries on identification of predictor
MPs in Section 2. Section 3 constructs the predictor-
based RH fault estimator, and analyzes its condition for
unbiasedness. A data-driven nominal fault estimator is
given in Section 4. Sections 5 and 6 propose two mixed-
norm fault estimators with robustness to identification
errors. Simulation studies are given in Section 7.

2 Preliminaries and problem formulation
2.1 Notations

For a matrix X, its range and null space is denoted by
R (X) and N (X), respectively. X~ represents the left
inverse satisfying X~ X = I, while X(!) represents the
generalized inverse satisfying

XXWx =X (1)

XU represents the i™ column of X. The trace of X is
denoted by tr (X). Let || X5 represent the Frobenius
norm of the matrix X. The minimal eigenvalue of a sym-
metric matrix X is represented by Amin (X). Let vec (X)
represent the column vector concatenating the columns
of X. The symbol “®” stands for Kronecker product.
Let diag (X7, Xo,- -+, X,,) denote a block-diagonal ma-
trix with X7, Xo,--- , X}, as its diagonal matrices.

2.2 Problem formulation

We consider linear discrete-time systems governed by
the following state space model:

E(k+1) = AE(k) + Bu(k) + Ef(k) + Fw(k) @)
y(k) = C&(k) + Du(k) + Gf (k) + v(k).

Here £(k) € R™, y(k) € R™, and u(k) € R™ rep-
resent the state, the output measurement, and the
known control input at time instant k, respectively.



The process and measurement noises w(k) € R™ and
v(k) € R™ are white zero-mean Gaussian, with covari-
ance matrices E (w(k)w™ (k) = Q, E (v(k)vT (k)) = R,
E (w(k)v™(k)) = 0. f(k) € R is the unknown fault
signal to be estimated. A, B,C, D, E, F, G are constant
real matrices with appropriate dimensions.

Assumption 1 The system (2) admits the one-step-
ahead predictor form given by Kailath et al. (2000);
van der Veen et al. (2012)

z(k +1) = ®z(k) + Bu(k) + Ef (k) + Ky(k)

y(k) = Cx(k) + Dulk) + (k) +ek),

where K is the steady-state Kalman gain, ® = A— KC,
B=B—-KD,and E =E—KG, {e(k)} is the zero-mean
innovation process with the covariance matriz X..

We consider additive sensor or actuator faults in this
paper, i.e.,

4 sensor fault: E = 0,,, 1, G = IV, E= KUl
(4)
™ actuator fault: £ = BY, G = DY, E = BWY, (5)

with X! representing the j*" column of a matrix X.

Denote the predictor MPs by

qu: . ~ »HrLy: . 3
CP®~'Bi>0 CO'Ki>0

H = . .
CO~1Ei>0

(6)
Assumption 2 The relative degree of the fault sub-
system <<I>, E.C, G) 18 T, i.e., T is the smallest nonneg-
ative integer © such that Hg = H{ =... = Hif_1 =0
and Hlf # 0 (Kirtikar et al., 2011); moreover,
rank (HY) = ny (Dong and Verhaegen, 2012).

Note that 7 = 0 for sensor faults and 7 > 0 for actuator
faults.

The essential goals of this paper are to design a fault
estimator from identification data without knowing the
system matrices in (2), and moreover to robustify the
fault estimator against model identification errors. We
make no assumption about how the fault signals f(k)
vary with time.

Note that in practice data from faulty conditions may
be seldomly available, or if recorded then without a reli-
able fault description (Ding, 2014). Hence we make the
following assumption about identification data:

Assumption 3 Only I/0 data collected from the fault-
free condition are used in our data-driven design.

2.8 Closed-loop identification of predictor Markov pa-
rameters

Considering Assumption 3, we set f(k) = 0 in (2) for
the fault-free identification data. Then the predictor
form (3) over the time window [t,--- ,t + N — 1] can be
written into the following data equation (Chiuso, 2007;
van der Veen et al., 2012):

Yiq = C®PXiq + EZiq + Eiq, (7)
where

== |Hy Hy - Hy HY HY (8)

denotes the sequence of MPs { H!*} and { H!} (defined in
(6)) to be identified. The detailed definitions of the data
matrices X;q, Yiq and Z;q can be found in van der Veen
et al. (2012), and E;q is the sequence of the innovation
signal in the identification data.

The least-squares (LS) estimate of the MPs = is

= = arg min || Yia — EZiall} = YiaZyy o)
=E+4+ CPPXZ; + EidZyy,

with Z;; = Z3 (ZidZiB)_l. As standard assumptions
for consistent identification from closed-loop data, we
assume that 1) the data matrix Z;q has full row rank,
and 2) either the controller has at least one-step delay
or the plant model has no direct feedthrough (D = 0)
(Chiuso, 2007; van der Veen et al., 2012).

With sufficiently large p, the estimation bias C®?XqZ;4
can be neglected. Then the stochastic identification er-
rors are

AZ == - Ex EjqZg. (10)

Hence the identification errors in MPs can be obtained
from (10) as

AH} = H} — H = EiqM}",

Yy TY Y Yy (11)
AHi :Hi —Hi :EidMi,

where H* and H? represent the estimated MPs in =
given by (9), M and M} are the corresponding blocks
of Z;, i.e.,

Zg= | My My My My My], MY =0, (12)



The innovation covariance can be estimated by van der
Veen et al. (2012)

¥, = cov (Yid — éZid) . (13)

We assume sufficiently large p and sufficiently large
number of identification data samples to ensure an
accurate enough estimate 3. for data-driven fault esti-
mation. In this sense, we shall not distinguish between
3, and its true value 3, in the rest of this paper, for the
sake of brevity and simpler notation.

Remark 4 For the data-driven fault estimation
problem, we need p to be sufficiently large to make the
bias of the identified MPs negligible, and meanwhile,
avoid unnecessarily large p to keep their variance small.

3 Predictor-based receding horizon fault esti-
mation

In this section, we will construct an RH fault estimator
based on the predictor form (3) of the system (2), in
order to pave the way for data-driven design.

Consider a sliding window with L sampling instants.
Define stacked data vectors in this time window as uy, .,
Y&,L, fi,1, and ey, 1, respectively for u, y, f, and e; e.g.,

Ug,r, = [uT (ko) -+ uT (k)]T, (14)

with kg = k — L + 1. For the predictor form (3), let Op,
denote its extended observability matrix with L block
elements, and T} be the lower triangular block-Toeplitz
matrix with L block columns and rows, with x repre-
senting u, y, or f:

HY 0 0
C
co 0 I*
O = . , Tz = 1 0 (15)
Cq).L—l :

Given the I/O data over the sliding window [ko, k], the
stacked residual signal ry, 1, in [k, k] can be computed by

ver =Yko — T4yer — Tiukr, (16)

according to the predictor form (3). We can further write
down the transitions from unknown initial state, faults
and noises to the stacked residual signal ry 1, as

v = Opa(ke) + T fir + ex.r. (17)

With Assumption 2, (17) can be simplified as

where 7 is the relative degree, Té,T represents the first

L — 7 block-columns of T{ defined similar to (15),
f),_ - — is defined in the same way as in (14).

With (18), we can formulate the receding horizon fault
estimation (RHFE) problem

omin [l = o (19)
b L7 e, L

in the LS sense, with
Ee,L =1, ®, (20)

denoting the covariance matrix of ey, 1. It has non-unique
solutions because ¥, - may not have full column rank.
One solution to the problem (19) is

N (€]
f;CE—T,L—T = (WE,TE;},\I}L»T) \I/rlI:,TEC_i,rk»L' (21)

We will show in the following theorem, however, that the
last ns entries of £

L1 ie.,
f(k - T) = Infflffr,LfT (22)
Wlth Inf = [O Inf] c Ran(n-i-nf(L—T)), represent an

(asymptotically) unbiased estimate of f (k —7) under
certain conditions. The estimation delay 7 in (22) is
caused by the relative degree in Assumption 2.

Theorem 5 Let 7 and v denote the relative degree
and the observability index of the fault subsystem
(®,E,C,G), respectively.

(i) The 7-delay fault estimate f(k — 7) defined in
(22)}‘5 unbiased for oll L > v + 7 if and only if
(®,E,0;41, Hf) has no transmission zeros, with

= ()t ) ] e

T

(ii) TheT-delay fault estimate f(k—7) is asymptotically
unbiased for L — oo if and only if all transmission
zeros of (®, E, O, 1,HS) are stable.

T

The proof is given in Appendix B.



Instead of including the unknown initial state as in the
RHFE problem (19), the essential idea of Dong and Ver-
haegen (2012) is to find a lower triangular block-Toeplitz
matrix T such that T%Tiﬁ = I and the estimation
error caused by the unknown initial state exponentially
decays with L. The condition for unbiasedness in Dong
and Verhaegen (2012) requires that the inverse system
related to T is stable. However this has several draw-
backs: it does not clarify how the unbiasedness condi-
tion is related to the system property of the underlying
plant; and moreover, for the case of sensor faults in an
open-loop unstable plant, Dong and Verhaegen (2012)

did not find a stable left inverse TgL for TﬂT.

On the contrary, Theorem 5 clearly states that the con-
dition for unbiasedness is related to the invariant zeros
of the fault subsystem in the underlying plant. An imme-
diate benefit is that our proposed RH fault estimator can
ensure (asymptotically) unbiased estimates for sensor
faults in an open-loop unstable plant, as long as the fault
subsystem has no unstable transmission zeros.

Remark 6 Theorem & is related to the T-delay left in-
version in Massey and Sain (1968); Gillijns (2007) and
the T-delay input and initial-state reconstruction in Kir-
tikar et al. (2011). However, the T-delay left inversion
in Massey and Sain (1968); Gillijns (2007) requires the
inatial state to be known a priori, while the T-delay input
and initial-state reconstruction in Kirtikar et al. (2011)
requires observability of the pair (®,C). Note that when
solving the RHFE problem (19), we are interested in only
the fault estimate (22) without unbiased reconstruction
of the unknown initial state. This intuitively explains why
Theorem 5 can cope with the unknown initial state in the
case that (9, C) is detectable.

Remark 7 Theorem 5 above generalizes Theorems 1
and 2 in Wan et al. (2014) from the case T = 0 to general
relative degrees. It should be noted that Theorem 5 can
also be given using the original system (2), as in Wan
et al. (2014). By exploiting the relations between the
original system (2) and its predictor (3) (refer to Sec-
tion 7.1.5 of Ding (2013) and Chapter 8 of Kailath et al.
(2000)), we can prove that the RH fault estimators ob-
tained from the above two system models are equivalent,
and have the same statistical estimation performance.
The detailed proof is omitted due to the page limit.

Next, we briefly analyse how the estimation variance of

f(k —7) in (21) and (22) varies when increasing the
length of the estimation horizon from L to L1 = L + q.
We equivalently rewrite the RHFE problem (19) with
the horizon length L; into the following constrained LS

problem by exploiting the dynamic equation of (3):

2

-1
e,L

Hrk,L - OL‘r(kO) - T£7Tfk—‘r,L—‘r

min
z(ko—q),z(ko),
fro—rL—r.fkg—1,q

+|rrg—1,4 = Og(ko — q) — Tz;fko—l,qH;;;

s.t. LE(ko) = @qﬁC(ko — q) + |:<I)q_1E s E:| ka_Lq.

(24)
In the cost function of (24), the first term is exactly the
cost function of (19). Note that x (ko) is completely un-
known in the problem (19). In contrast, the additional
residual signal ry,_1 4 in the problem (24) may provide
more information about x(kg) through the second term
of its cost function and the constraint, thus improves the
fault estimates f(k—7) in (24). Due to the space limita-
tion, we give the following statement without proof: by
substituting the constraint of (24) into its cost function,
there exist matrices N7 and Ny such that the second cost

term becomes ||rg,—1,4 — N1z(ko) — N2n||2271 , where 1
€,q

is a linear combination of z(ky — 1) and fi,_1 4. If we

can find a nonsingular matrix R = [R; Ry] so that

RIN;y = 0 and RITN; # 0, then the second cost term
above can be transformed into

R-1 lR1T (Tho—1,4 — N1z (ko) — Nzn)]
Rgrko_lyq — Rgle(ko)

-1
Yeq

The above equation shows that the estimate of f(k — 7)
within f;,_ ., can be improved by exploiting new infor-
mation about z(ko) in R3ry,_1,4. If such a nonsingular
matrix R does not exist, the additional residual signal
ri,—1,q4 cannot help reduce the variance of the fault es-

timate f(k — 7).

4 Data-driven nominal receding horizon fault
estimator

In this section, we will parameterize the RH fault esti-
mator introduced in Section 3 with the predictor MPs,
and then provide the nominal data-driven design method
without considering identification errors.

In order to construct the LS fault estimator (21), we
first need to construct the block-Toeplitz matrices T},
TY, and T{ from the predictor MPs according to (15).
Then, we need the extended observability matrix Op.
One possible approach is to identify O, from the block-
Hankel matrix

HY Hy - HY,
) HY HY e HEL
HL,m: : : - . (25)
HY HY 4 - Hp s



through a model reduction step (van der Veen et al.,
2012). But this model reduction step would make the
fault estimation error depend nonlinearly on the identi-
fication errors. In order to avoid this difficulty, we sub-
stitute Oz (ko) = Hf ,,(n into (18) by exploiting the
following property:

R(OL) =R (H? ) (26)

for m > n. Then (18) can be rewritten as

Ty L = [H%m T } l om +eg,L, (27)
_’ ,_/,T fkrfr,Lf‘r /
To., | ——

<
LN

where TQT consists of the first L — 7 block-columns of
T£ defined in (15). By doing so, the fault estimation

error becomes linear with regards to the identification
errors, as shown later in (41).

However, the rank deficiency of the block-Hankel matrix
Hg ,, in (27) implies that the complete fault signal in
the considered time horizon cannot be uniquely recon-
structed from ry, 1. Despite of this situation, we may still

follow (21) and (22) to derive one LS solution
£¢ T -1 N
fk T,L—T (TL,TZe,LTLaT) TL,TZC,eraL (28)

and its corresponding fault estimate

f(k ) Inffk 7, L—1 — gnrk,La (29)

M
G =T, (TLJE;LTLJ YT.S01 (30)

Moreover, by exploiting the link between (27) and the
state-space predictor based residual generator (18), we
are able to give the following condition for unbiasedness
of (28)-(29). The proof is given in Appendix C.

Theorem 8 The sufficient and necessary condition for
unbiased estimation in Theorem 5 applies to the fault
estimate defined in (28)-(29).

Without considering the identification errors, the data-
driven design of the above nominal RH fault estimator
can now be summarized in Algorithm 1.

Remark 9 We may obtain (27) also from a vector ARX
model whose coefficients are just the predictor MPs. How-
ever, a simple ARX model cannot fully address the con-
dition for unbiased estimation due to rank deficiency of
the block-Hankel matriz HY, .

Algorithm 1 Data-driven nominal RH fault estimation

1) Collect identification data from the fault-free con-
dition, and form the data matrices Yiq and Ziq
with sufficiently large p (van der Veen et al., 2012).

2) Compute the sequence of MPs 2 and the innova-
tion covariance 3. via (9) and (13); extract the
identified MPs H* and HY from Z according to
(8); and extract ﬁlf according to (4)-(6):

e for ;' sensor faults:

H = —(AY) for i > 0, and H] = 1V
(31)

lth

e or for actuator faults:

ol =@mh (i o). (32)

3) Select sufficiently large L. Construct the esti-
mates of ¥ 1, in (20), TY, T%, T} in (15), Hy ,,
in (25), and T, in (27) as 3., TY, TY, Ti,
HL m» and TL - by using 3. and the identified
MPs {H*, H Hzf} Form TL’T with the first L—7

block—columns of 'i‘{
4) Compute the nominal fault estimator G, ac-
cording to (30).

5 Data-driven robust receding horizon fault es-
timation

The data-driven nominal design in Algorithm 1 might
give biased fault estimates due to errors in the identified
MPs. We will propose two robust designs in the following
sections to address this problem.

5.1 Data-driven robust design

Since the MPs related to faults are extracted from H

or fIf’ via (32) or (31), the identification errors of H’Zf
can be expressed as

AH! = EgM/, (33)
where
uf (M) for faults of the j* actuator (34)
’ - (Miy)m for faults of the j'" sensor

with M and M} defined in (11)-(12).

With (11) and (33), the estimated matrices TY, T%,



’i‘{w I:I"Lm and TL’T in Algorithm 1 can be written as
i, =H) , +EqM} ., TY = TY — EaMY, (35)
Ty =T} + EaMy, T, =T]  +EaM] _, (36)
Y, ="Tr,+EuaMry, (37)

where 1\7I‘i,m is the block-Hankel matrix constructed
with My, Mg, -, M}, similarly to Hg ,, in (25),
M3 is the block-Toeplitz matrix constructed with
Mg, My, -+, M5 _, similarly to T7 in (15) with % rep-
resenting u, y, or f,

Eiq = diag (Eiq, Eiq, - - -

L blocks

s Eiq), My = [M%m 1\_/I£7T )

)

(38)
and M _ consists of the first L — 7 block-columns of
M.

Based on (35)-(37), we can write down the residual signal
1 considering identification errors according to (16)-
(18) and (27):

o =Yoo — T yer — Tiu

= TL»Tflgf‘r,Lf'r + €k,L + (TZIJ, - Tl[//) Yi,L

+ (T% - Tz) Uk, L

= (TL,T - EidMT> f,f_nL_T +er.r (39)
—Euq {—1\7[32 1\_/[%} YhL
N———— Uk,
Ve ——
Zk, L

Based on the above analysis of the residual signal, we
will first propose in this section an offline robust design
which regards z; ; as unknown, and then propose in
Section 6 another online robust design that exploits the
measured I/O data zj 1, in online optimization.

Similarly to G, in (29), let the matrix G denote the 7-
delay fault estimator based on the residual ¥, 1, i.e.,

flk—7)=GtiL. (40)

It follows from (39) that the fault estimation error is

Af(k - T) = f(k - T) - Infflg—T7L—T
= (QTL,T — GE;aMy — Inf> f,ﬁ_T,L_T

T5(G)
— GE;gM7 zi, 1 + Gep 1
——
T-(9)

with Z,, defined in (29). It can be seen that Eiq appears
as multiplicative uncertainty coupled with the true aug-
mented fault signal f,g_ and the online I/O data
ZL,L-

T,L—1

We regard f,gf

bounded. Hence f,g_TVL_T and zj, 7, in the first two terms
of (41) lead to an estimation bias, while the online in-
novation signal ey, 1, in the third term causes zero mean,
stochastic estimation errors. We would like to reduce
the estimation bias by minimizing the matrix 2-norms
|75 (G)l5 (s = f,2), and at the same time minimize the
Frobenius norm tr (gze, LQT) by using the available in-
novation covariance X. . These three objectives are for-
mulated by the following mixed-norm problem:

+L—- and zg r as unknown but energy

Grof = arg min tr (gze,LgT)
4

st B (T (G)TF(G)) <A2, s = [,z

(42)

where the matrix G denotes the 7-delay fault esti-
mator (40), E denotes mathematical expectation over
the identification innovations Eiq, 7y > 0 and v, > 0
are the user-defined parameters to achieve a trade-
off between estimation error variance and bias. Note
that the matrix 2-norms ||7; (G)|l, (s = f,z) are af-
fected by the stochastic identification innovations Eig
according to (41), hence their mathematical expecta-
tions are used in (42). Note also that it is straightfor-
ward to prove E (7.} (G) 7 (G)) < ~2I holds if and
only if E(7,(G)7.F (G)) < ~2I in (42) holds. Here
we use E (7, (G) 7.F (G)) in (42), because it brings a
clear geometrical interpretation for parameter tuning
as explained later in Section 5.2. With the tedious but
straightforward derivations summarized in Appendix
D, the above problem (42) can be explicitly written as

Gr ot = arg min tr (GX, G ) (43a)
g
st. |61, | A v} (43b)
L. ny —YE Inf Ig = /f
sT f
GIL.G" <~2I, (43¢c)

with IT; and II, defined in (D.5) and (D.6), respectively.
The mixed-norm problem (43) can be transformed
into an equivalent semi-definite programming (SDP)
problem that can be solved efficiently (Boyd and Van-
denberghe, 2004). Since the optimization problem (43)
is determined only by the identification data and does
not involve any online I/O data, it can be solved offline
to obtain the robust fault estimator denoted by G, .



5.2 Parameter tuning using geometric interpretation

Next, we will provide a systematic method to tune the
two user-defined parameters 77 and 72 by using a geo-

metric interpretation of the mixed-norm problem (43).

With some matrix manipulations, we can see that the
constraints (43b) and (43c) define two ellipsoids

0y ={G/(G - Go) 17 (G - Go)" < Gol1y G} — 1 +31 |

(44)

Q. ={G|gNn.¢" <421}, (45)
respectively, with Go = Z,, TT _TI;". Since the objective
function (43a) can be regarded as a measure of the dis-
tance from G to the origin 0, (n,.1), the problem (43)

is equivalent to finding the point G, o in the set Q7 ()2,
that is closest to the origin, as shown in Fig. 1.

First, we would like to find the region of ’yfc and 72 so that
the optimization problem (43) is feasible and non-trivial.
In the case that the origin 0, (n,.z) € 2f[)€:, we
would have the trivial solution Gy off = Oy, x (n,.1) Which
makes no sense for fault estimation. Hence 0y, x(n, 1) ¢
Qy and Qf # @ are both required, which implies the
region of 'y? as below according to (44):

1= Amin (Gol15Gg ) = VFmin <77 < 1. (46)
For a given *y? satisfying (46), we solve the following
optimization problem

{gmin,’yz,min} = arg rrzlin 72 s.t. (43b) and (43c)

G2

(47)
whose solution gives the minimal +2, referred to as
Y2 min> that ensures Q Q. # @. Therefore, we should
select 72 € hf’min,oo) to ensure feasibility of the
problem (43). The ellipsoid €, min in Fig. 1 represents
the ellipsoid Q, with 72 = 'yf’min, and its intersection
with the ellipsoid €2 includes only the single point Guin.

By discarding the constraint (43c) from the problem (43)
and fixing ’y]% at the same given value as in (47), we
formulate another problem

G, = arg min tr (gzaLgT) s.t. (43b) (48)
g

Because the optimal solution G; gives the shortest dis-
tance from the origin to the ellipsoid €2y, and more-
over Oy, x(n, L) ¢ Qy, the solution G; must lie at the
boundary of the ellipsoid {2, as shown in Fig. 1. Define
’75,1 = )‘max (]E (7; (gl) 7;T (91))) . Let the ellipsoid Qz,l
in Fig. 1 represent the set Q. with 7 =~2, and it has
the solution Gy at its boundary.

Similarly to the above obtained solution G; of the
problem (48), the solution G, g of the problem (43) also
lies at the boundary of the ellipsoid . This allows the
three terms of the fault estimation error in (41) to be
explained using Fig. 1:
1) The bias related to the first term 73 (G) f,f_TvL_T is
determined by the size of the ellipsoid 2;

2) The bias related to the second term T, (G) zx 1, is
determined by the size of the ellipsoid Q. (Gy of)
with G, of lying on its boundary, i.e., the ellipsoid
Qz with ’Yf = )\max (E (7; (gr,off) TZT (gr,off)));

3) The fault estimation error variance related to the
third term Gey, 1, is represented by the distance from
the origin to the optimal solution G, og.

With the above basic geometric interpretation, we can
analyze the performance trade-offs of the robust fault

estimator G, ¢ when tuning 7} € [V%mm, 1) and 2 €

['yimin, oo), as shown in Table ?7. First, we fix 'y]% and
tune v2. In this case, the ellipsoid Q is fixed, which
makes the first bias term in the first two rows of Table
7?7 remain constant. With the fixed %2@, by increasing 72

from 42 ., towards 72, the intersection set Q;(Q.
becomes larger, and the optimal solution G, .¢ moves
from the point G, along the boundary of the ellipsoid
1y towards the point G;. When we further increase ’yz
for 42 > 73717 the optimal solution G, of of the problem
(43) would remain located at the point G, because G;
satisfies both constraints (43b) and (43c) and gives the
shortest distance to the origin according to the problem
(48). Therefore, the size of the ellipsoid 2, (G, o), which
determines the second estimation bias term in the first
two rows of Table ??, monotonically increases for 72 €
[’yg,min,'yil) and remains constant for 2 € [73,17 oo).
The distance from the origin to G o, which determines
the fault estimation error variance in the first two rows of
Table ??, monotonically decreases for 42 € [’yimin, 722,1)

and remains constant for 42 € ['73,17 00). For the third
row of Table 77, we tune ’yJ% and select a sufficiently large

value of 72 that ensures the problem (43) to be feasible.
With 'yJ% increasing, the size of the ellipsoid €2y, which
determines the first bias term in the third row of Table
7?7, monotonically increases. Meanwhile, the optimal so-
lution G, of, which lies at the boundary of the ellip-
soid €2¢, moves closer to the origin. Therefore, both the
second bias term and the fault estimation error variance
in the third row of Table ??, which are determined by
the size of the ellipsoid Q, (Gy o) and the distance from
the origin to the point G, ., monotonically decrease.

We summarize the data-driven robust design in Algo-
rithm 2. The nominal design G, obtained from Algorithm
1 can be used as a benchmark for tuning 'yJ% and 7?2 in
Step 2 of Algorithm 2, e.g., compared to the nominal de-
sign, the robust design achieves smaller averaged worst-



Gmin ° g“

Fig. 1. Geometric interpretation of the mixed-norm problem
(43): the constraints (43b) and (43c) define the ellipsoid Q2
centered at Go and the ellipsoid 2. centered at the origin
O, respectively. Lying at the boundary of Q, the optimal
solution G, .x gives the shortest distance measured by the
objective function (43a) from the origin to the intersection
set Q; Q.. With 42 = 'yimim the ellipsoid €2, becomes
Q. min (Gmin) in green which intersects with the ellipsoid ¢
at a single point Gmin. At the boundary of Qf, G gives the
shortest distance from the origin to the ellipsoid Q. The
ellipsoids Q.1 (G1) in blue and . (Gr o) in red represent
the ellipsoids 2, with G; and G, g lying at the boundary,
respectively. (For interpretation of the colour in all figures
of this paper, the reader is referred to the web version.)

case bias if 72 < Amax (E (75 (Ga) T.F (Gn))) (s = [, 2).

Algorithm 2 Data-driven robust RH fault estimation

1) Complete the steps 1-3 in Algorithm 1; compute
M, MY, and M; according to (12) and (34).

2) Tune 77 € [’yimin, 1) and 72 € [y2 0, 00) ac-
cording to Table 77, where ’Y;,min and 77 5, are
obtained from the optimization problems (46) and
(47) respectively.

3) Solve the problem (43) to compute the robust RH
fault estimator G, og.

6 Data-driven robust receding horizon fault es-
timation with online optimization

Different from regarding the online I/O data as unknown
in Algorithm 2, this section exploits the available online
data in an online mixed-norm problem. This can further
reduce the estimation errors, at the expense of increased
computational burden.

6.1 Online mized-norm problem
With the notation

Br.L = Mjz 1, (49)
we divide Bk, 1, into L row blocks as in

T
B = BEy B, AL (50)

with B¢ ; € RY. Then the term GE;qM?% zy, 1, in (41) can
be rewritten as

GEiaMj zy. 1 = GEiafr 1

EiqBk,1 Br,® I,
EiqfBk.2 Bro®In,
= = ’ . vec (Eid) (51)
Eiqfk, L BrL®©In,
——_— ———
Tk,L

according to the property of Kronecker product (Brewer,
1978). Using (51), the estimation error in (41) becomes

Af(k—71)=T;(G) f,f_ﬂL_T — Gy pvec (Eiq) + Gey, 1.
(52)
Then the statistics of vec (Eiq), i.e.,

E (vec (Eiq) vec (Eid)T) =1y ® X,

can be exploited to evaluate the fault estimation error
variance. Therefore, we formulate the following opti-
mization problem similarly to (42):

Gron = arg min tr (95,167 + GTh,1, (In © X) T ,G7)
g

st. E(T; @ T (9)) <931
(53)
with the user-defined parameter y¢. The constraint in
the above optimization problem (53) can be explicitly
written as (43b). The optimization problem (53) has to
be solved at each time instant to update the robust fault

estimator G, o, because I'y 1, in the cost function is de-
termined by the online I/O data according to (49)-(51).

6.2 Parameter tuning using geometric interpretation

Since the online mixed-norm problem (53) has the struc-
ture similar to that of the offline mixed-norm problem
(43), the performance trade-offs by tuning 7y in (53)
are also similar to that explained in Table ??. The pro-
posed data-driven robust fault estimation with online
optimization is summarized in Algorithm 3. To reduce
the computational burden, the problem (53) is imple-
mented only if the estimation bias of the offline designed
fault estimator is larger than a user-defined threshold «,
as in Step 2 of Algorithm 3.

The offline designed fault estimator G, .g¢ from Algo-
rithm 2 can be used as a benchmark for tuning 7}% in Step

2.2 of Algorithm 3, e.g., compared to G, og, the online
optimization (53) achieves smaller averaged worst-case

bias it 7% < A (E (77 (Gro) T (Gron)) ).



Algorithm 3 Data-driven robust RH fault estimation
with online optimization

1) Follow Algorithm 2 to compute the offline de-
signed fault estimator G, ..

2) If Amin (]E (Tz (gr,of’f) 7;’1“ (gr,oﬂ))) HZk,LHg > o (0‘
is a user-defined threshold), the online optimiza-
tion in the following steps is implemented; other-
wise, the offline designed estimator G, og is used.
2.1) Compute I'y, j, according to (49)-(51).

2.2) Tune 7]% € [’yf»’min, 1) similarly to Step 2 of
Algorithm 2, with 7120,min defined in (46).

2.3) Solve the problem (53) to compute the robust
RH fault estimator G on.

7 Simulation studies

Consider a continuous-time linearized vertical take-off
and landing (VTOL) aircraft model (Dong and Ver-
haegen, 2012). With a sampling rate of 0.5 seconds, the
discrete-time model (2) is obtained, with D = 0 and F' =
1. The process and measurement noises, w(k) and v(k),
are zero mean white noises, respectively with covariances
of Q@ = 0.161, and R = 0.6414. Since the open-loop plant
is unstable, the stabilizing output feedback controller
u(k) = K.y(k) + n(k) in Dong and Verhaegen (2012) is
used, where 7(k) is the reference signal. In the identifica-
tion experiment, the reference signal n(k) is zero-mean
white noise with the covariance diag (1, 1), which ensures
persistent excitation. We collect N = 1000 data samples
from the identification experiment. In the identification
algorithm, the past horizon is selected as p = 10 by fol-
lowing Remark 4. The considered fault cases include:
1) actuator faults: E = B, G = D; 2) sensor faults:

E =04x2,G=1[398 8]T. The fault signals in both fault
cases are the same:

oo"
f(k’): T
[sin (0.17k) 1], & > 50.

0< k< 50,

We will compare the following fault estimation methods,
all of which select the estimation horizon length L = 30:

e Alg0: the RH fault estimator using accurate MPs, de-
scribed in Section 4.

e DONG: the method in Dong and Verhaegen (2012).

o Algl: the fault estimator G, obtained in Algorithm 1;

o Alg2: the fault estimator G, .s obtained in Al-
gorithm 2; in Step 3 of Algorithm 2, we select

73 = Max (E (77 (Ga) TF (G0)) ) and
72 =05 (72 in +921) - (54)

o Alg3: the fault estimator G, on obtained in Algorithm
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3; in Step 2 of Algorithm 3, we select a = 300 as
the threshold to determine whether or not the online
optimization should be implemented; ny% is set to the
same value as in Alg2.

In order to show the necessity of compensating for the
identification errors, we make the identification-error-
effect term T (G) zj, 1, in (41) significantly large by set-
ting n(k) = 15. Fault estimates from the above five
algorithms are illustrated in Fig. 2, and the distribu-
tions of their fault estimation errors are shown in Fig.
3. By using accurate MPs, Alg0 achieves unbiased fault
estimation in both fault scenarios. Note that DONG
cannot be directly applied to sensor faults in the un-
stable open-loop VTOL model (Dong and Verhaegen,
2012), hence it is not included in Fig. 2 and 3(b) for
sensor faults. Because of neglecting the effect of identi-
fication errors, both Algl and DONG yield estimation
biases even larger than the amplitude of true faults. In
comparison, Alg2 obtains its robustness to identifica-
tion error by solving an offline mixed-norm problem, as
shown in Fig. 3(a). However, the poor performance of
Alg2 in our sensor fault case (Fig. 3(b)) shows the lim-
itation of neglecting the online availability of I/O data
in the offline mixed-norm problem. Compared to Alg2,
Alg3 significantly reduces estimation bias, as shown in
Fig. 3(b), by formulating an online mixed-norm problem
to exploit online I/O data. This performance improve-
ment is achieved at the cost of higher online computa-
tional burden. When implemented with YALMIP (Lof-
berg, 2004) in the MATLAB2011b environment, on a
computer with a 3.4 GHz processor and 8 GB RAM, the
peak computational time per sample of Alg3 is 2.05s for
the estimation horizon length L = 30, while that of Alg2
is 3.17 x 107%s. We will investigate the computational
efficiency of Alg3 in future work.

Actuator fault Sensor fault

True 150
fault 20
_ Fault
injection
Alg0o
DONG

|
)
100
|
|
50 I
Algl

5 |
Alg2 MAAAZNAIINE Le
v o g ———at

Alg3 O i 1 =
40 60 80 100 40 60 80

100~ 40 60 80
time instant (k)

40 60 80
time instant (k)

100

Fig. 2. True fault signal and fault estimates from different
algorithms when 7n(k) = 15.

To illustrate the performance trade-offs of Alg2, we set
72 as in (54) and tune ’y? under the condition of different
reference signals n(k). Fig. 4 shows how the fault esti-
mation bias, error variance and root mean square error
(RMSE) vary with ’y]%, which can be explained as fol-
lows using Table ?7?. According to the fault estimation



A g0

DONG 5
—Agl o
—Ag2

2 -20
25|
-30

o s0 100
FR) = 1i(0)
(b) Sensor faults

A g0
—Agl
—Ag2
—Al g3

Folk) = falk)

Jo(k) = fa(k)
_

150

EICENAC
(a) Actuator faults

Fig. 3. Distribution of fault estimation errors when
n(k) = 15. Circles: 1000 estimation errors based on
1000 online I/O data samples. Ellipses: the 3o-contour
of the approximated two-dimensional Gaussian distribu-
tion of the 1000 estimation errors, i.e., the contour at

(70 = 1) cov () [ k) — 1) = 3.

error analysis in (41), the fault estimation bias is re-
lated to both T7 (Gro) £, _, and T2 (Gr,ofr) Zk, 1. For
n(k) = 0orn(k) = 1, the online I/O data zj, 1, have small
amplitude, thus the total estimation bias is dominated
by the bias related to T7 (Gr o) flfiT’LfT which mono-
tonically increases with 'y? according to the third row of
Table ?7?. This explains the fault estimation bias curves
for n(k) = 0 and n(k) = 1in Fig. 4. For (k) = 2, the on-
line I/O data zy, 1, have relatively large amplitudes, hence
for relatively small values of 77 the total estimation bias
is dominated by the bias related to T, (G o) Zr, which
monotonically decreases with 'y]%, and for relatively large
values of ’yj% the total estimation bias is dominated by the

bias related to T (Gr.om) f,f_ﬂ 7, which monotonically
increases with 7]%7 according to the third row of Table
??. This explains the fault estimation bias curve for
n(k) = 2 in Fig. 4. The monotonic decrease of the fault
estimation error variances with % can be directly ex-
plained with the third row of Table 7?7. As the objective
function of the optimization problem (43), the fault es-

timation error variance tr (gr,oﬁzengrToﬂ) for different

reference signals 7(k) is the same because it does not
depend on the reference signal 7(k). Combining the in-
crease of fault estimation bias and the decrease of fault
estimation error variance with yj%, there exist the optimal

’y‘?"* € (’yimm, 1) such that the RMSE achieves its min-

imal value, as can be seen in Fig. 4. It is also shown that
the minimal RMSE is achieved at a larger value of ’yjzc,*
when the amplitude of (k) increases, because the online
I/0 data have larger amplitudes with larger n(k), thus
the decrease of the bias related to T, (G o) k.1, domi-
nates the fault estimation bias. With the above insights,
we can anticipate how the estimation performance of
Alg2 varies with different v2 for a fixed 'yJ%, as well as
the performance trade-offs of Alg3. Their performance
curves are not plotted due to the space limitation.
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The simulation results with different lengths L of the es-
timation horizon (omitted for the sake of brevity) show
that the fault estimation bias and variance of Alg0, Alg2,
and Alg3 decrease when increasing length L of the esti-
mation horizon. Proof of this observation can be derived
for Alg0 using accurate MPs by following the analysis
given at the end of Section 3. A similar analysis can be
also applied to Alg2 and Alg3, but a strict analytical
proof directly applied to the mixed norm problems (42)
and (53) is difficult and left for future research.

—— (k) =0 —e—nk)=1 —a—n(k)=2

0.73 0.45

072 0.4
0.71

0.7

0.69

RMSE (f)

0.08 0.1
; ~2
Vf Vf

0.12

Fig. 4. Estimation performance of Alg2 when tuning ’y? under
different reference signal n(k)

8 Conclusions

This paper has investigated data-driven fault estima-
tion and its robustness against stochastic identification
errors. First, we proposed an RH fault estimator that
can be parameterized with the predictor MPs. Its con-
dition for unbiasedness generalizes that of a recently re-
ported data-driven fault estimation method. An imme-
diate benefit is that our proposed method can be applied
to sensor faults of an unstable open-loop plant which
could not be directly addressed previously. Offline and
online mixed-norm problems were formulated to enhance
robustness against identification errors, depending upon
whether the online optimization is required. Based on
geometric interpretations of the mixed-norm problems,
systematic methods were given to tune the user-defined
parameters therein. Comparisons using a simulated air-
craft model illustrated the advantages and effectiveness
of our proposed method.
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A Lemmas for Theorem 5

Lemma 10 Define z.(0) € R", f.(i) € R™, and
re(i) € R™ (i > 0) as the initial state, input and output
signal of the fault subsystem (®,FE,C,G), respectively.
There exists a non-zero initial state x.(0) such that
re(0) = re(l) = -+ =7r(L) =0 forall L > v+, if
and only if

(i) Orz.(0) =0;
(i) the system (A.1) is unobservable;

ve(k+1) = [@ — B (HS)” cqﬂ} we(k)

ps (A.1)
re(k) = |1 = HY (H])™| €O (k)
(iii) the inputs {f.(i)} take the form
feli) = = (HY) 0¥ Kiz.(0).  (A2)
In Lemma 10, 7,(0) = --- = ro(r — 1) = 0 is en-

sured because of the condition (i) and the zero Markov
matrices Hg, H{, cee Hf_l according to Assumption 2,
while r.(7) = -+ = r(L) = 0 is ensured by the condi-
tions (ii) and (iii). Lemma 10 can be proved by slightly
modifying Lemmas A.1 and A.2 in Kirtikar et al. (2011).

Lemma 10 shows that perfect reconstruction of system
inputs {f.(i)} from system outputs {r.(i)} is impos-
sible if the unobservable input signal (A.2) is non-zero.
Next, we will investigate the link between the unob-
servable input signal (A.2) and the system property of

(®,E,C,G).
By setting i = 0, (A.2) becomes

fe(0) = = (Hf)  C®7.(0). (A.3)



Then, according to the condition (i) and the unobserv-
ability of the system (A.1), there must exist a scalar A
and a non-zero x.(0) such that (Zhou et al., 1996)

Kq—AI 3
o, re(0) = | "2 & | [20]
[1-m(H])]|co cor pt | LF©

d—\ E z.(0)] 0

Orp1 HE | | fe(O) | —
(A.4)

where HY defined in (23) equals to [I?f] because

Hg,H{, e ,Hf?1 are zero matrices according to As-
sumption 2. With (A.3) and (K4 — Al)z.(0) = 0 in
(A.4), we can rewrite f.(i) in (A.2) as

fo(i) = A1 £.(0).

The above analysis indicates that the unobservable in-
puts {fc(i) = A'fe(0)} are determined by the invariant

zero \ of (®, F, O, 1, HS), as shown below:

(A.5)

Lemma 11 Considering the non-zero initial state z.(0)
in Lemma 10, there are two types of the invariant zeros
X of the fault subsystem (®, E, O, 1, HI) in (A.4): 1) A
is an unobservable mode, then (A.4) implies f.(0) = 0,
thus the input signal { fo(i) = X' f.(0)} is constantly zero;
2) A is a transmission zero, then f.(0) # 0, thus the
unobservable input signal { f.(i) = A f.(0)} is non-zero.

Lemma 11 directly extends Lemmas 1 and 2 in Wan et al.
(2014) which considers only the case 7 = 0.

B Proof of Theorem 5
A solution f",f_ﬂL_T to the problem (19) satisfies

T -1 7 T -1
\IJLJZe,L\IILﬂ'f/ffT,LfT = lI/Lﬂ'Ee,ervL' (B.1)

Let Af,f_TyL_T = f',f_T,L_T — f/f—T,L—T denote the esti-

mation error. By substituting (18) into (B.1), we have

T -1 T Ty —1
\I/L,TZC,L\I/LaTAfk?—T,L—T = lI/Lze,Lek’,L7

which implies WE $73w, B (Af7,, ) = 0 by
taking expectations on both sides. Therefore, the un-
biasedness condition of the estimate in (22) reduces to
the analysis of the linear equation

U E(Aff ., .)=0 (B.2)

since N (WE S030L ) = N (01,),

The rest of the proof follows the intuitive arguments
below. According to Lemma 10, (A.5), and the definition
of ff ;. in (18), there are three scenarios:
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1) When (®,FE,O,41,Hf) has no invariant zeros,
the non-zero initial state x.(0) in Lemma 10 does
not exist according to (A.4), thus (B.2) implies

E (AflffTvaT) = 0, i.e., unbiased fault estimation.

2) When (®, E, O, 1, H/) has invariant zeros, (B.2)
implies that for each invariant zero A, the expected
error of the 7-delay fault estimate f(k — 7) is

E(Af(k—1)) =X"E(Af(ko))  (B.3)
in the estimation horizon [ko, k] (kg = k — L + 1).

2.1) If all the invariant zeros of (®,E, O, ,, Hf)

correspond to unobservable modes, it follows

from the case 1) in Lemma 11 that the ex-
pected estimation error (B.3) is zero because

E(Af(ko)) = 0.

If transmission zeros exist but are all stable,

ie., |[Al < 1, it follows from the case 2) in

Lemma 11 that E(Af(kg)) # 0 and the ex-

pected estimation error (B.3) asymptotically
reduced to zero as L goes to infinity.

2.2)

The scenarios 1) and 2.1) correspond to the case (i) of
Theorem 5, and the scenario 2.2) corresponds to the case
(ii) of Theorem 5.

C Proof of Theorem 8

Split T{,T into two blocks as [’i‘iT ’i‘éT }, with ’i‘éT
consisting of the first L — 7 — 1 block-columns of T£7T,

and TﬁT consisting of the last block-column of TQT.
With these notations, un~biased fault estimation can be
proved by showing that TQTE(Af(k — 7)) = 0 because

’i‘QT has full column rank according to Assumption 2.

According to (26), the two expressions

cer (o 7] |) R <T£f) :
eer (|mg,, T [)OR(TL,).

are equivalent. Since the two sufficient conditions for
(asymptotic) unbiasedness in Theorem 5 imply € = 0
and € — 0 (L — oo) for (C.1), it then follows from
the equivalence between (C.1) and (C.2) that the suf-
ficient conditions in Theorem 5 also imply ¢ = 0 and

e = 0 (L — oo) for (C.2), or equivalently, R (Téﬁ) =

{0} and R(T£T> — {0} (L — o0). Therefore we

can conclude that the sufficient conditions in Theorem
5 imply (asymptotically) unbiased fault estimation for
(C.2). Similarly, we can prove the necessary condition
for the (asymptotically) unbiased fault estimation.

(C.1)
(C.2)



D Computation of E (7; (G) 7.7 (G))

By dividing My in (38) into L row blocks as
_ T
My = |ME, ME, - ME, | (D.1)

with My ; € R7s X (mnut(L=7)ns) e define Py as

tr(My 1My ) tr(My MY ) - tr(My 1 MY 1)

P tr(My oMY ;) tr(My oMY ) - tr(My MY )
’r =

tr(My, LMY ;) tr(My, LMY ,) - tr(Mry, .My 1)
(D.2)
P. is defined similarly to (D.2), by dividing M% in (39)
into L row blocks as in (D.1). Then,

_ ' T _ Hf 7YL7T gT
somron-lon| 3 ) 5|
(D.3)
E(T.(9)T." (G)) = GI.G" (D.4)
with
Hf = TL;,—YE p + E (E1dMTMTE;I(jl) (D 5)
YT 4 Prax., '



